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The present work deals with dynamical system analysis of Holographic Dark Energy cosmological
model with different infra-red (IR)-cutoff. By suitable transformation of variables the Einstein field
equations are converted to an autonomous system. The critical points are determined and the
stability of the equilibrium points are examined by Center Manifold Theory and Liapunov function
method. Possible bifurcation scenarios have also been explained.
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INTRODUCTION
The evidences that our Universe is experiencing a phase of expansion with accelerated rate [1][2] have been well
demonstrated by a series of cosmological observations particularly from Type Ia Supernova, Cosmic Microwave Back-
ground Radiation (CMBR) anisotropies [3], Baryon Acoustic Oscillation [4], X-ray experiments and Large Scale
Structures(LSS) [5]-[6]. This observational fact is accommodated in standard cosmology by introducing an unknown
exotic matter known as dark energy having large negative pressure. However, the nature of dark energy is still unre-
vealed, so that its nature is one of the major challenges in cosmology today. The simplest model of dark energy is the
cosmological constant Λ which represents a vacuum energy density having equation of state ωd =
pd
ρd
= −1 (where
pd and ρd are the thermodynamic pressure and energy density of the dark energy respectively). This earliest and
simplest theoretical candidate (ΛCDM) was suggested in order to give a plausible explanation to the observational
evidences (Universe’s present day accelerated expansion) in a fair way. It is well known that there are two main
problems associated with Λ, namely the fine tuning and the cosmic coincidence problems. In the former problem we
see that the theoretical value of Λ has many orders of magnitude larger than the current observational value (about
an order of 10123 higher than what we observe[7]) while the later problem is related to unsolved mystery of densities
of dark energy (DE) and dark matter (DM) of the same order at present although they evolve in different manner.
To solve these problems different dynamic dark energy models [8]-[9] have been suggested, with varying equation of
state during the expansion of the Universe. Among these Holographic Dark Energy (HDE) models have got much
attention [10][11]. HDE models are constructed based on the holographic principle, in quantum gravity, which states
that the entropy of a system scales not with its volume but with its surface area L2. According to this principle, the
zero point energy of the system with size L can be bounded by the mass of a blackhole with the same size [12] as
follows
ρΛ 6 L−2M2p , (1)
where ρΛ is the quantum vacuum energy density and Mp =
1√
8piG
is the plank mass.
This inequality describes an analogy between the ultraviolet(UV) cut-off, defined through ρΛ and the infra-red (IR)
cut-off encoded in the scale L. One can consider, in the context of cosmology, the dark energy density of the Universe
ρd to be same as the vacuum energy, i.e. ρd = ρΛ. From effective quantum field theory, the largest IR-cutoff L is
chosen by saturating the inequality. As a result, the dark energy density (the vacuum energy density) can be written
as [10, 13]
ρd =
3M2pC
2
L2
, (2)
where ‘ C ’ is a dimensionless numerical parameter which is estimated by observational data: for flat Universe (i.e.
for k=0) it is obtained that C = 0.1818+0.173−0.097 and in the case of non-flat Universe (i.e. for k = ±1) it is obtained that
C = 0.815+0.179−0.139 (reference [14][15]).
There are different choices of IR-cutoff of which three are widely used in the Literature, namely, Hubble radius[11][10],
Future event horizon[16][17][18] and Ricci’s scalar curvature[19][20]. The Hubble radius L = H−1 (H is the usual
Hubble parameter) can not give the correct equation of state for dark energy but gives a correct energy density. For
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2the future event horizon L = RE and it is suggested that this choice of IR-cutoff may explain both the problems of
the cosmological constant. On the otherhand the choice L = (H˙ + 2H2)−
1
2 (the Ricci scalar curvature), introduced
by Granda and Oliveros [21] is based on the spacetime scalar curvature as IR-cutoff and has its similarity with the
size of maximal perturbation which leads to formation of blackhole. Also this IR-cutoff may eliminate both the fine
tuning and coincidence problems and is fairly good in fitting with the observational data.
On the other hand, the interaction in the dark sector is a promising approach to address several cosmological problems
existing for a long time. The appearance of the interaction was motivated to explain the tiny value of the cosmological
constant [22]. Consequently, it was realized that an interaction between dark matter and dark energy in a non-
gravitational way could solve the cosmic coincidence problem [23], a severe problem existing in almost all non-
interacting cosmological models. As a result, a considerable attention was paid in this field that resulted in a series of
interesting consequences [24–31]. According to the astronomical data from various observational sources, recently, it
has been reported in a series of articles that, interaction in the dark sector cannot be excluded although the coupling
parameter characterizing the strength of the interaction is small enough [32–39] (also see [40]). In addition to that,
we would also like to focus that an interaction in the dark sector can solve the H0 tension, see [36, 37] where an extra
degree of freedom in terms of the coupling parameter plays the essential role. Thus, the interaction in the dark sector
is a promising field of research for further investigations.
The holographic dark energy models interacting with dark matter can solve the cosmic coindeince problem as well
[27, 30] in contrary to the corresponding non-interacting cases. In addition to that, it has been also explored in
some earlier works that if the future event horizon is chosen to be the IR-cutoff, then the equation of state for the
holographic dark energy may cross the phantom divide line for some specific interaction models [41]. Such a scenario
is also true in presence of the curvature of the Universe [42]. The crossing of phantom divide line is not possible for
non-interacting holographic dark energy models, at least so far we are familiar with the literature. For a comparison
of interacting and non-interacting holographic dark energy models, we refer to Ref. [43].
The system of cosmological equations are nonlinear differential equations. There is no well known method to find the
exact solution of the system. Dynamical system analysis is an elegant tool to study nonlinear systems. Dynamical
systems analysis allows us to gain a quantitative understanding of any cosmological model. Apparently many recent
research works are going on this approach to understand cosmological models both geometrical and physical point of
view. To survey some of the current researches we first cite the paper [44] where authors have taken interacting dark
energy model (in the framework of particle creation mechanism). Dynamical system analysis of this cosmological
model in the background of spatial flat FLRW spacetime assembles some interesting cosmological scenarios. The
work of A. Paliathanasis [45] manoeuvres some advanced tools of dynamical system to discuss cosmological viability
of varying G(t) and Λ(t) cosmology. N. Ray et al. [46],[47] analyze various cosmological models using dynamical
system analysis. S. Bahamonde et al. [48] recently have published a review report to enhance an overview on
the application of dynamical system in cosmology. They have discussed various topics of nonlinear dynamics viz.
linear stability theory, center manifold, Liapunov function, Poincare´ sphere and behavior at infinity etc. In 2015,
N. Mahata [13] studied Interacting Holographic Dark Energy model with great details in cosmological point of view
and analyzed some hyperbolic critical points (CPs) by Hartman-Grobman theorem and in 2017, Hanif Golchin [49]
analyzed Interacting HDE model by dynamical system analysis with different interaction terms. In our paper we
reconstruct the autonomous system [13] so that the system can be C∞(R2) and analyze all the CPs by center
manifold and Liapunov function. To analyze the stability of non-hyperbolic CPs center manifold theory has gained
much importance in recent times [50–53]. Possible bifurcation scenarios are also discussed in our work. For this, we
first assume Holographic Dark Energy model with event horizon as IR-cutoff. Then we consider modified holographic
dark energy model at Ricci’s Scale (MHRDE). This paper is organized as follows: in the following sections, we discuss
the basic equations and interaction terms of the model followed by the dynamical system analysis of interacting
HDE model by transferring the field equations to autonomous systems and then interacting MHRDE model has been
considered. At the end, cosmological implication of the dynamical system analysis has been discussed.
BASIC EQUATIONS
We consider the appearance of the Universe to be homogeneous and isotropic flat FRW spacetime and assume that
it is interacting with DM in the form of dust (having energy density ρm) and HDE in the form of perfect fluid having
variable equation of state ωd =
pd
ρd
where pd and ρd are the thermodynamic pressure and energy density of the dark
energy respectively.
3The Einstein field equations for spatially flat model are,
3H2 = ρm + ρd (3)
and
2H˙ = −ρm − (1 + ωd)ρd, (4)
with 8piG = 1 for simplicity.
Also, the energy conservation equations for the fluids can be expressed as
˙ρm + 3Hρm = Q (5)
and
ρ˙d + 3H(1 + ωd)ρd = −Q, (6)
where ‘·’ represents the derivative with respect to time ‘t’. The interaction term Q is not unique. It is to be noted
that energy is transferred from DE to DM for Q > 0. Usually the positivity of Q is justified for the following reasons
• It ensures the validity of the second law of thermodynamics.
• It satisfies the Le Chatelier’s principle[54].
• A possible solution of the coincidence problem.
Baryonic matter is not included in the interaction due to the constraints which are measured by local gravity.
Unfortunately, there is no definite theory yet to derive the interaction rate between the dark matter and dark
energy since the nature of these dark fluids are absolutely unknown. Thus, usually some phenomenological models
are considered to understand their effects on the underlying space-time. But the impacts of interaction are significant
as explained earlier. Here we assume some mostly used and well known interaction models as follows. Q = 3Hb2ρ
[28], Q = 3Hνρd [55] and Q =
ν
H ρmρd [28]. All three models have been widely studied in the literature. In addition
to that, for the first two interaction models, the evolution equations for DM and DE can be analytically solved. Since
for all three interaction models, due to the presence of the coupling parameter (either b2 or ν), the corresponding
parameters space is increased compared to the six-parameters based ΛCDM model, thus, the models could effectively
take higher values of H0 and thus, the tension on H0 is released. This particular feature is not present for a general
class of non-interacting ΛCDM type cosmologies.
The acceleration of the Universe can be derived using the field Eqns. (3) and (4) and is given by,
a¨ = a(H˙ +H2) = −a
6
{ρm + (1 + ωd)ρd}. (7)
It is to be noted that present accelerating phase corresponds to ωd < − 13 .
For the present model the deceleration parameter can be written as q = 12 (1 + 3ωT ), with ωT =
pd
ρm+ρd
= ωdΩd,
where
Ωd =
ρd
3H2
(8)
is the density parameter for the dark energy and wT is the equation of state parameter for the combine single fluid.
HOLOGRAPHIC DE MODEL WITH EVENT HORIZON AS IR-CUTOFF
The choice of the IR-cutoff as event horizon of the Universe (RE) is well accepted [56] that is the most suitable
choice for the IR-cutoff where RE is defined by the improper integral [10, 13]:
RE = a
∫ ∞
t
dt
a
. (9)
4It is to be noted that above improper integral converges only when strong energy condition is violated. So in the
present accelerating phase the integral always exists. Now choosing L = RE , we have from (2)
ρd =
3Mp
2C2
R2E
. (10)
Using this expression for the energy density ρd in the conservation Eqn. (6), the equation of state parameter is
obtained (for any interaction) as
ωd = −1
3
− 2
√
Ωd
3C
− Q
3Hρd
. (11)
We now analyze the evolution equations for different choices of interaction term separately.
A. Q = 3b2Hρ = 3b2H(ρm + ρd)
From Eqns. (4), (5) and (6) we get an autonomous system with variables H, ρm, ρd. But systems in the (H, ρm) ,
(H, ρd) and (ρm, ρd) planes are equivalent in the sense that underlying variables are related by Eqn. (3). Now for the
sake of simplicity of visualizing the phase space of bouncing cosmological solution we consider the autonomous system
in (H, ρd)-plane. We also analyze the system for the case b = 1 which is not viable in (ρm, ρd)-plane. We find the
bifurcation values according to expansion and contraction of the Universe in the (H, ρd)-plane. The stability analysis
of autonomous system in (H, ρm) gives similar physical information to the (H, ρd)-plane. So we skip this case.
Next we analyze the autonomous system in (ρm, ρd)-plane to find the bifurcation values according to stability of the
system with respect to energy density (ρm) of DM and energy density (ρd) of DE. Finally we restrict the vector
fields on parabolic cylinder (satisfying Eqn.(3)) embedded in R3 and analyze non-static model of the Universe in
(H, ρm, ρd)-space.
The second Friedman equation (4) and the energy conservation for DE (i.e. equation (6)) can be reduced (after a bit
simplification) into an autonomous system parallel to (H, ρd) plane as
H˙ = −3H
2
2
[1− Ωd
3
− 2Ωd
3
2
3C
− Q
3Hρ
] (12)
ρ˙d = 2ρdH[
√
Ωd
C
− 1]. (13)
We choose the variable ρd = v
2, the Eqns. (12) and (13) generate (using Eqns. (3) and (8)) an autonomous system
in (H,v)-plane as follows
H˙ = −1
2
[3H2(1− b2)− v
2
3
− 2v
3
3
√
3CH
] (14)
v˙ = v[
v√
3C
−H]. (15)
This is a continuously differentiable system on R2 for H 6= 0. Henceforth, we tag subscript/superscript ‘c’ with a
variable as critical point of the corresponding system. The critical points of the system (14-15) are (Hc,
√
3CHc) for all
Hc ∈ R−{0}, provided 1−b2 = C2. For b 6= 1 the eigenvalues of the Jacobian matrix (at CPs) are {(1−4c2)Hc, 0}. So
the critical points are non-hyperbolic in nature. The eigenvector corresponding to 0 is (1 ,
√
3C)T and the eigenvector
corresponding to (1 − 4C2)Hc is (1 ,
√
3
4C )
T . The linear part of the system can be reduced to the Jordan form. The
corresponding Jordan matrix is the following
JJordan(Hc,
√
3CHc) =
[
(1− 4C2)Hc 0
0 0
]
.
This yields the following system in diagonal form
H˙ = [(1− 4C2)Hc]H +O(H2) (16)
v˙ = O(v2). (17)
The line of non-hyperbolic critical points (Hc,
√
3CHc) are normally hyperbolic [44, 51, 57]. The stability of normally
hyperbolic set can be completely classified by considering the sign of the eigenvalues in the remaining directions. Due
5Figure 1: For Hc > 0 .
Figure 2: For Hc < 0 .
to Hartman-Grobman theorem (sec. 2.8 in [58]) the flow is attracting towards the CP when (1 − 4C2)Hc < 0 and
repelling when (1− 4C2)Hc > 0 along the eigenvector (1 ,
√
3
4C )
T (see Figure 1 and 2).
In this case, the trajectory can flow from Hc > 0 to Hc < 0 i.e. there is a bouncing cosmological solution from
expanding phase to the contracting phase of the Universe.
At any critical point the system (14-15) is structurally unstable for C = ± 12 . So each non-hyperbolic critical point
(Hc,
√
3CHc) is a bifurcation point at the bifurcation values C = ± 12 .
The equation of state parameter (ωd) at CPs (Hc,
√
3CHc) can be determined by − 1C2 and the corresponding
deceleration parameter (q) is −1.
For b2 = 1 the system (14,15) reduces to the following system
H˙ =
v2
2
[
1
3
+
2v
3
√
3CH
] (18)
v˙ = v[
v√
3C
−H]. (19)
The critical points (CPs ) are (Hc, 0) where Hc ∈ R−{0}. The eigenvalues of Jacobian Matrix at (Hc, 0) are {0,−Hc}.
So all the critical points are normally hyperbolic in nature. The vector fields along v-axis is attracting towards the
6CP for Hc > 0 and repelling for Hc < 0. The above analysis shows that the trajectory can flow from Hc > 0 to
Hc < 0 i.e. there is a bouncing cosmological solution from expanding phase to the contracting phase. This is also
reflected in the Center Manifold ([59], sec. 2.12 in [58]) v=0 at the origin (after shifting the CP to origin). Thus from
(18) we get H˙ = 0 and one gets q = 12 .
Further, for the interaction Q = 3b2Hρ, the conservation Eqns. (5) and (6) can be expressed in the form
˙ρm =
√
3(ρm + ρd)[b
2ρd − (1− b2)ρm] (20)
ρ˙d = −
√
3(ρm + ρd)[b
2ρm + (1 + ωd + b
2)ρd]. (21)
The above system is well defined and continuously differentiable on the open set E = {(ρm, ρd) ∈ R2|ρm > 0, ρd >
0} ⊂ R2. The critical points are (ρcm, ρcd) ∈ E where ρcm = b
2
(1−b2)ρ
c
d. Here we consider 1 − b2 = C2 so ωd = 1b2−1
(6 −1) and 0 6 b2 < 1. At this set of critical points Ωd = 1− b2, ωT = −1 and the deceleration parameter q=-1.
As all the critical points are non-hyperbolic critical points we find a suitable Liapunov function (sec 2.9 in [58]) so
that we can find the stability of the system for all critical points.
We consider V (ρm, ρd) = (ρm − b21−b2 ρd)2, which is a continuously differentiable function over R2 and V (ρcm, ρcd) = 0
at the line of critical points (ρcm, ρ
c
d) and V (ρm, ρd) > 0 for all other points.
V˙ (ρm, ρd) = 2(ρm − b
2
1− b2 ρd)( ˙ρm −
b2
1− b2 ρ˙d) = 2
2b2 − 1
1− b2
√
3ρ(ρm − b
2
1− b2 ρd)
2. (22)
Now it is to be noted that
• for b2 ∈ [0, 12 ), V˙ (ρm, ρd) < 0 for all points in E except critical points. This implies that all the critical points
are asymptotically stable.
• for b = ± 1√
2
, V˙ (ρm, ρd) = 0 for all points in E. So, all the critical points are stable.
• for b2 ∈ ( 12 , 1), V˙ (ρm, ρd) > 0 for all points in E except critical points. This implies that all the critical points
are unstable.
Thus the system (20-21) is structurally unstable at b = ± 1√
2
. So each non-hyperbolic critical point (ρcm, ρ
c
d) is a
bifurcation point[59] at the bifurcation values b = ± 1√
2
.
To analyze a non-static model on hyperbolic cylinder we invoke 2D-autonomous system (20-21) together with Eqn.
H˙ = −1
2
[3H2 − ρd
1− b2 ]. (23)
The above system is well defined and continuously differentiable on the open set Œ = {(H, ρm, ρd) ∈ R3|H, ρm >
0, ρd > 0} ⊂ R3 and we take the same restriction of b as we consider the previous 2D-system.
In this case we choose the Liapunov function V (H, ρm, ρd) = (ρm − b21−b2 ρd)2 + (3H2 − ρd1−b2 )2.
V˙ (H, ρm, ρd) = 2
2b2 − 1
1− b2
√
3ρ[(ρm − b
2
1− b2 ρd)
2 + (3H2 − ρd
1− b2 )
2]. (24)
So the stability analysis of V (H, ρm, ρd) is same as we have done for V (ρm, ρd) with same set of bifurcation values but
the trajectories recline on the parabolic cylinder (satisfying Eqn. (3) and topologically equivalent to E) embedded in
the (H, ρm, ρd)-space.
B. Q = νH ρmρd, (ν > 0)
For this choice of interaction term and considering Ωd = u
2, the equation of state parameter (11) takes the form
ωd = −1
3
− 2u
3c
− ν(1− u2) (25)
and the evolution of density parameter is modified as
u˙ =
H
2
u(1− u2)[1− 3νu2 + 2u
C
]. (26)
7The second Friedman equation can be expressed in terms of density parameter as
H˙ = −3H
2
2
[1− u
2
3
− 2u
3
3C
− νu2(1− u2)]. (27)
The above system of Eqns. (26) and (27) form an autonomous system in (u,H)-plane. The right hand side of the
system (26-27) is a C∞(R2) non-linear function for C being a non-zero constant. The CPs of the above system are
(uc, Hc) where uc, Hc ∈ R − {0} provided ν = 1u2c and C = uc. The eigenvalues of the Jacobian matrix at CPs are
{2Hc(u2c − 1), 0}. As the critical points are normally hyperbolic, the stability of the CPs are determined by sign of
the corresponding eigenvalue 2Hc(u
2
c − 1). In this case, ωd = − 1Ωd and the deceleration parameter q = −1 (table I).
In view of C = 1, (1, Hc) are critical points for all Hc ∈ R and corresponding eigenvalues of Jacobian matrix are
{0, 0}. So stability of these CPs are not conclusive as there is no nonzero eigenvalue of the Jacobian matrix evaluated
at the critical point. For similar reason we do not able to analyze the stability of line of CPs (uc, 0) where uc ∈ R
by dynamical system analysis (see Figure 3). Moreover, the density parameter remains undefined for this set of CPs.
Figure 3: stability of line of critical points.
Table I: Stability analysis
critical Points Hc ν ωd q stability
(uc, Hc)
> 0 > 1 -1 -1 stable
< 0 > 1 -1 -1 unstable
> 0 < 1 -1 -1 unstable
< 0 < 1 -1 -1 stable
> or < = 1 -1 -1 undetermined
From Table I we conclude that the system (26-27) is structurally unstable at ν = 1. So ν = 1 is a bifurcation value
at each normally hyperbolic CP (1, Hc) which is dubbed bifurcation point.
C. Q = 3νHρd, (ν > 0)
For this choice of interaction term and considering Ωd = u
2, the equation of state parameter (11) takes the form
ωd = −1
3
− 2u
3c
− ν. (28)
The evolution of density parameter and the second Friedman equation can be expressed by an autonomous system in
(u,H) plane as follows
u˙ =
H
2
[u+
2
C
u2 − u3(1 + 3ν)− 2
C
u4] (29)
H˙ = −3
2
H2[1− u
2
3
− 2u
3
3C
− νu2]. (30)
8For non-zero H and u the critical points of the system (29-30) are (uc, Hc) where uc, Hc ∈ R − {0} provided
C = uc < 1 and ν =
1−u2c
u2c
. The eigenvalues of the Jacobian matrix at the CPs are {Hc(7 − 10u2c), 0}. This set of
normally hyperbolic CPs can be analyzed by the sign of non zero eigenvalue(s). For the above choices of C and ν, we
get ωd = − 1u2c and decelerating parameter q = −1. We get different critical points for different choices of C and ν.
Moreover, all the critical points are non-hyperbolic as well as normally hyperbolic in nature.
For H=0, we get a line of CPs (uc, 0) where uc ∈ R. We do not get any nonzero eigenvalue of the Jacobian matrix
at these CPs. So nature of the CPs remains undetermined by dynamical system analysis. Moreover, the density
parameter remains undefined for this set of CPs.
Modified Holographic Ricci Dark Energy Model
Here we express the modified holographic Ricci dark energy by taking the IR-cutoff with the modified Ricci radius in
terms of H˙ and H2 as
ρd =
2
α− β (H˙ +
3α
2
H2), (31)
where α, β are free constants and take the value as mentioned in [26, 56].
The equation of state parameter for DE takes the form
ωd = −(α− β) + α
Ωd
− 1
Ωd
(32)
and the deceleration parameter is given by
q =
3
2
α− 1− 3
2
Ωd(α− β). (33)
We again analyze the evolution equations for the given choices of interaction term separately:
A. Q = 3b2Hρ, (0 6 b2 < 1)
Using field Eqn. (3) and the equation of state parameter (32), the energy conservation Eqns. (5,6) can be written
explicitly in the form
˙ρm =
√
3(ρm + ρd)[b
2ρd − (1− b2)ρm] (34)
ρ˙d = −
√
3(ρm + ρd)[b
2(ρm + ρd) + (1 + ωd)ρd]. (35)
The above system is well defined and continuously differentiable on the open set E = {(ρm, ρd) ∈ R2|ρm > 0, ρd >
0} ⊂ R2. The critical points are (ρcm, ρcd) ∈ E where ρcm = b
2
(1−b2)ρ
c
d provided 1− b2 = αα−β (we choose the cases in [56]
for which β ≤ 0). From Eqn. (32) we derive ωd = 1b2−1 (6 −1). At this set of critical points Ωd = 1 − b2 and using
(33) we get deceleration parameter q = −1. The stability of the system (34, 35) is identical to the system (20, 21) by
considering the same Liapunov function (22) for exactly same set of critical points.
B. Q = νH ρmρd, (ν > 0)
The explicit form of the energy conservation equations are given in Eqns. (36) and (37) in reference [13]. As a result,
the evolution equation for Ωd can be derived as follows
Ω˙d = −3H(1− Ωd)[(α− 1)− (α− β)Ωd + νΩd]. (36)
This evolution equation for Ωd together with the second Friedman equation
H˙ = −3H
2
2
[α− (α− β)Ωd], (37)
form an autonomous system in (Ωd, H) plane.
The critical points of the above autonomous system are ( αα−β , Hc) for all Hc ∈ R−{0} provided ν = α−βα > 0 (values
of α and β are defined in [56]). The eigenvalues of Jacobian matrix are {(3Hcβ( 1α − 1), 0} at the critical points. Thus
9all critical points are non-hyperbolic critical points in nature. To find the center manifold we shift the critical points
to the origin. The center manifold is Ωd = 0 at the origin. So the flow we get is H˙ = 0 which actually reinforces the
normally hyperbolic nature of the CPs. Thus the nature of trajectory near each CP is determined by the vector fields
along Ωd-axis and it is attracting to the CP if 3Hcβ(
1
α − 1) < 0 and repelling from the CP if 3Hcβ( 1α − 1) > 0. From
Eqns. (32) and (33) we obtain ωd =
β
α − 1 and q = −1.
The stability of CPs (Ωcd, 0) (for Ω
c
d ∈ R) is not conclusive as there is no non-zero eigenvalue of the Jacobian matrix
evaluated at these CPs. Moreover, Ωd is not defined for H=0.
One may note that for a fixed positive (or negative) Hc the system (36-37) is structurally unstable at β(
1
α −1) = 0.
So each non-hyperbolic CP ( αα−β , Hc) is bifurcation point at the bifurcation values β = 0 and α = 1.
C. Q = 3νHρd, (ν > 0)
In this case we consider the autonomous system in (Ωd, H) plane as follows
Ω˙d = −3H[(α− 1)(Ωd − 1)2 + (1− β)Ωd(Ωd − 1) + νΩd] (38)
H˙ = −3H
2
2
[α− (α− β)Ωd]. (39)
In this case we consider negative values of β so that ν = −βα > 0 (as α > 1 in [56]). The critical points of system (38-39)
are ( αα−β , Hc) for all Hc ∈ R−{0}. The eigenvalues of Jacobian matrix at each critical point are {−3Hc(1+β+ν), 0}.
The set of critical points are normally hyperbolic in nature. So the critical points are stable if −3Hc(1 + β + ν) < 0
and unstable if −3Hc(1 +β+ ν) > 0. From Eqns. (32) and (33) we obtain ωd = βα − 1 and q = −1 which are identical
to case B (Q = νH ρmρd).
The stability of CPs (Ωcd, 0) (for Ω
c
d ∈ R) is not conclusive as there is no non-zero eigenvalue of the Jacobian matrix
evaluated at these CPs. Moreover, Ωd is not defined for H=0.
The system (38-39) is structurally unstable at the line 1 + β + ν = 0. So each non-hyperbolic CP is a bifurcation
point at the line of bifurcation values β and ν satisfying 1 + β + ν = 0.
DISCUSSION AND COSMOLOGICAL IMPLICATION
The present work is an extensive study of dynamical system analysis of the autonomous systems formed by the
cosmological evolution equations for different IR-cutoff in the context of Holographic Dark Energy (HDE) models. In
the present context the HDE is interacting with cold dark matter for three (popularly used in the literature) choices
of the interaction term. Here non-hyperbolic critical points are analyzed either by constructing the Liapunov function
or by the center manifold theory.
For the HDE model with event horizon as IR-cutoff we have line of critical points for all three choices of the
interaction term. The autonomous system formed by Eqns. (14) and (15) the line of critical points are characterized
by (Hc,
√
3CHc), Hc ∈ R − {0} and b2 = 1 − C2. This line of critical points (CPs) are non-hyperbolic in nature as
one of the eigenvalues of the Jacobian matrix is 0. In particular, the CPs are normally hyperbolic and by analyzing
the phase-space trajectories it is found that cosmologically there is a bouncing solution from expanding phase to
contracting era of evolution. Further, the above line of CPs are structurally unstable for C = ± 12 and hence the
Universe experiences a bifurcation along the line of CPs with bifurcation values C = ± 12 . Also along the line of CPs
Ωd = C
2 < 1 and ωd = − 1C2 < −1 and hence q = −1 with ωT = −1. Thus the present cosmological model is in the
phantom barrier although it is not fully dominated by HDE.
The choice b2 = 1 gives a simple form of autonomous system described by Eqns. (18) and (19) where the line
of CPs (Hc, 0) still represents a bouncing cosmological solution. This line of CPs are fully dominated by cold dark
matter (with q = 12 ) and the Universe is in a decelerating phase describing the dust era of evolution. The matter
evolution equations are converted into an autonomous system described by Eqns. (20) and (21). Here the line of CPs
( b
2
1−b2 ρ
c
d, ρ
c
d), ρ
c
d ∈ R+ are as usual non-hyperbolic in nature. By analyzing the Liapunov function (so constructed), it
is found that the line of CPs are asymptotically stable for 0 6 b2 < 12 , stable at b2 =
1
2 while they are unstable for
1
2 < b
2 6 1. Hence b = ± 1√
2
are bifurcation values and corresponding bifurcation points is the line of CPs (ρcm, ρ
c
d).
Stability analysis of 3D-autonomous system (20,21,23) is same as system (20-21).
For another choice of the interaction Eqns. (26) and (27) form an autonomous system having a plane of non-
hyperbolic CPs (uc, Hc), uc, Hc ∈ R − {0}. Here ωd = − 1Ωd < −1 and q = −1. So HDE fluid behaves as phantom
fluid. However the effective single fluid behaves as cosmological constant (as ωT = −1). For C = 1 the system is
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structurally unstable at ν = 1 and hence the line of normally hyperbolic CPs (1, Hc) are bifurcation points with
bifurcation value ν = 1. Another autonomous system is formed by the system of Eqns. (29) and (30) with the third
choice of the interaction and the nature of the CPs are very similar to the above studies.
Finally HDE model has been studied with IR-cutoff at Ricci scalar curvature. Three sets of autonomous systems are
formed by the set of Eqns. {(34), (35)}, {(36), (37)} and {(38), (39)} for three different choices of the interaction. For
the first autonomous system the line of CPs are similar to those in system of Eqns. (20) and (21) and the analysis
is identical. For the second set the line of CPs are ( αα−β , Hc), Hc ∈ R− {0} with ν = α−βα . By analyzing the phase-
space trajectories near center manifold it is found that the system describes a bouncing solution for the cosmological
evolution. Also here the effective single fluid behaves as cosmological constant but the HDE is of phantom fluid in
nature. The line of CPs are bifurcation points at bifurcation values β = 0 and α = 1.
For the third set we have the same line of CPs with ν = −βα > 0 (β < 0). The relevant cosmological parameters
are ωd =
β
α − 1 < 1, Ωd = αα−β , ωT = −1, q = −1. So cosmologically the evolution is very similar to the previous
cases. However, from the dynamical system point of view the system is structurally unstable along the parameter line
1 + β + ν = 0. So line of CPs are bifurcation points having a line of bifurcation values 1 + β + ν = 0. Therefore, from
the above dynamical system analysis of the present interacting HDE cosmological model, we may conclude that the
cosmic evolution is fully dominated by HDE having phantom fluid nature. There is only one case where cold dark
matter is the dominant part in the cosmic evolution and the Universe is in the dust era of evolution. For future work,
it will be interesting to give more physical interpretation in the cosmological context at the bifurcation points.
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